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A NOTE ON GROWTH OF HYPERBOLIC GROUPS
MOTIEJUS VALIUNAS
Abstract. The following short note provides an alternative proof of a result of Coornaert
[Coo93]: namely, that given a non-elementary word-hyperbolic group G with a finite generating
set X, there exist constants λ,D > 1 such that
D
−1
λ
n ≤ |BG,X (n)| ≤ Dλ
n
for all n ≥ 0, where BG,X (n) is the ball of radius n in the Cayley graph Γ(G,X).
Given a group G with a finite generating set X and an integer n ≥ 0, we denote by SG,X(n) ⊆
G the sphere of radius n in G with respect to X: that is, the set of elements g ∈ G that can
be represented by words of n (but not n− 1) letters in X±1. We denote |SG,X(n)| by SG,X(n).
Similarly, we denote by BG,X(n) ⊆ G the ball of radius n in G with respect to X – that is,
BG,X(n) =
⋃n
i=0 SG,X(i) – and we write BG,X(n) for |BG,X(n)|. We write S(n), S(n), B(n)
and B(n) for SG,X(n), SG,X(n), BG,X(n) and BG,X(n) (respectively) if G and X are clear.
Here we give a short alternative proof of the following result.
Theorem 1 (Coornaert [Coo93, The´ore`me 7.2]). Let G be a non-elementary word-hyperbolic
group with a finite generating set X. Then there exist constants λ,D > 1 such that
D−1λn ≤ BG,X(n) ≤ Dλn
for all n ≥ 0.
The proof of this theorem given in [Coo93] is based on the theory of Patterson-Sullivan
measures and dynamical systems; using similar methods, Yang has shown an analogous result for
relatively hyperbolic groups [Yan13, Theorem 1.9]. Here we give a Patterson-Sullivan measure-
free proof. It is worth noting that an analogous result also holds when G is a right-angled
Artin/Coxeter group that does not split as a direct product and X is the standard generating
set [GTT17, Theorem 2.2].
We define the (spherical) growth function of G with respect to X to be the formal power
series sG,X(t) =
∑∞
n=0 SG,X(n)t
n. Similarly, we may define the volume growth function as
bG,X(t) =
∑∞
n=0BG,X(n)t
n; note that we have sG,X(t) = (1 − t)bG,X(t). We say that G has
rational growth with respect to X if sG,X(t) (equivalently, bG,X(t)) is a rational function: that
is, a ratio of two polynomials. A classical result due to Cannon says that this is always the case
for hyperbolic groups.
Theorem 2 (Cannon [Can84, Theorem 7]). A word-hyperbolic group G has rational growth
with respect to any finite generating set.
Our proof relies on the following theorem of the author.
Theorem 3 (Valiunas [Val19, Theorem 1]). Let G be an infinite group with a finite generating
set X, and suppose that G has rational growth with respect to X. Then there exist constants
α ∈ Z≥0, λ ∈ [1,∞) and D > C > 0 such that
Cnαλn ≤ SG,X(n) ≤ Dnαλn
for all n ≥ 1.
For the rest of the note, fix a non-elementary word-hyperbolic group G and a finite generating
set X for G. Let δ ∈ Z≥1 be a constant such that triangles in the Cayley graph Γ(G,X) are
δ-thin, and let d be the combinatorial metric on Γ(G,X). We use an auxiliary lemma.
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Lemma 4. For all n,m ≥ 0, we have S(n)S(m) ≤∑n+mℓ=0 S(ℓ)B (δ + ⌈n+m−ℓ2 ⌉).
Proof. Let n,m ≥ 0. The map
µ : S(n)× S(m)→ B(n+m),
(h, k) 7→ hk,
allows us to define a partition
S(n)× S(m) =
n+m⊔
ℓ=|n−m|
µ−1(S(ℓ)).
It is therefore enough to show that |µ−1(g)| ≤ B (δ + ⌈n+m−ℓ2 ⌉) for all ℓ and all g ∈ S(ℓ).
Let ℓ ∈ {|n−m|, . . . , n+m} and let g ∈ S(ℓ). Let γg be a geodesic in Γ(G,X) joining 1G and
g, and let pg be the point on γg such that d(pg, 1G) =
ℓ+n−m
2 . Let c ∈ G be a vertex of Γ(G,X)
such that d(c, pg) ≤ 12 , and note that c = pg if n+m− ℓ is even. Let N = δ +
⌈
n+m−ℓ
2
⌉
.
1G
pg γg
g
γh
ph
h
γk
Let (h, k) ∈ µ−1(g), so that h ∈ S(n) and k = h−1g ∈ S(m). Let γh, γk be geodesics in
Γ(G,X) joining 1G and h, h and g, respectively, and let ∆ be the geodesic triangle with edges
γg, γh and γk. Let ph be the point on γh such that d(ph, 1G) =
ℓ+n−m
2 . Since ∆ is δ-thin,
we have d(pg, ph) ≤ δ. By construction, d(ph, h) = n+m−ℓ2 , and so it follows by the triangle
inequality that d(1G, c
−1h) = d(c, h) ≤ N . In particular,
|µ−1(g)| = |{h ∈ S(n) | h−1g ∈ S(m)}| ≤ |{h ∈ S(n) | c−1h ∈ B(N)}| ≤ |cB(N)| = B(N),
as required. 
Proof of Theorem 1. By Theorem 2, we may apply Theorem 3 to G and X. Let λ, α, C and D
be as given by Theorem 3. Since G is non-elementary, it has exponential growth and therefore
λ > 1; without loss of generality, assume furthermore that D ≥ 1. It then follows from an easy
computation that
(1) Cnαλn < B(n) <
Dλ
λ− 1n
αλn
for all n ≥ 1. It is therefore enough to show that α = 0.
Pick an integer n ≥ 1. It follows from Theorem 3, Lemma 4 and (1) that
C2n2αλ2n ≤ S(n)2 ≤
2n∑
ℓ=0
S(ℓ)B(δ + ⌈n− ℓ/2⌉) < D
2λ
λ− 1
2n∑
ℓ=0
ℓα(δ + ⌈n− ℓ/2⌉)αλδ+n+⌈ℓ/2⌉.
We may rearrange this to obtain
(2)
C2(λ− 1)
2αD2λ
<
2n∑
ℓ=0
(
ℓ
2n
)α
︸ ︷︷ ︸
≤1
(
δ + ⌈n− ℓ/2⌉
n
)α
︸ ︷︷ ︸
≤(1+δ/n)α
λδ+⌈ℓ/2⌉−n.
Now let ε : Z≥1 → Z≥2δ be a function such that n
(
1 + δn
)α
λ−ε(n) → 0 and ε(n)2n → 0 as
n → ∞: for instance, ε(n) = 2δ + ⌊ 3√n⌋. We may split the right hand side of (2) into terms
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with ℓ ≤ 2n− 2ε(n) and terms with ℓ > 2n− 2ε(n). In particular, we get
(3)
2n−2ε(n)∑
ℓ=0
(
ℓ
2n
)α(δ + ⌈n − ℓ/2⌉
n
)α
λδ+⌈ℓ/2⌉−n ≤
2n−2ε(n)∑
ℓ=0
(
1 +
δ
n
)α
λδ−ε(n)
< 2n
(
1 +
δ
n
)α
λδ−ε(n)
and
(4)
2n∑
ℓ=2n−2ε(n)+1
(
ℓ
2n
)α(δ + ⌈n− ℓ/2⌉
n
)α
λδ+⌈ℓ/2⌉−n ≤
2n∑
ℓ=2n−2ε(n)+1
(
δ + ε(n)
n
)α
λδ
= 2λδε(n)
(
δ + ε(n)
n
)α
.
Note that the left hand side of (2) is a strictly positive constant, and the right hand side of
(3) tends to zero as n → ∞ by the choice of ε. Furthermore, by the choice of ε, if α ≥ 1 then
the right hand side of (4) tends to zero as n → ∞. But by (2) this cannot happen, and so
α = 0, as required. 
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